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ABSTRACT 

The na tu re  of e lectromagnet ic  wave propagation i n  a p a r t i a l l y  

ionized paramagnetic gas i n  a s t a t i c  magnetic f i e l d  is  explored. 

It i s  necessary t o  cha rac t e r i ze  such a medium by second o rde r  t enso r  

expressions f o r  both t h e  p e r m i t t i v i t y  and permeabi l i ty ,  t h e  former 

being t h a t  c h a r a c t e r i s t i c  of  an mdina ry  magnetoplasma, and t h e  l a t t e r  

t h a t  f o r  a magnetized paramagnetic medium. Employing l i n e a r i z e d  

forms of t h e s e  and Maxwell's equat ions l eads  t o  a genera l  dispers ion 

r e l a t i o n .  For l o s s l e s s  condi t ions it i s  shown t h a t  t h e  resonances 

and c u t o f f s  a s soc ia t ed  with t h e  free e l ec t rons  and those  due t o  the  

paramagnetic cons t i t uen t  are independent, which leads  t o  some i n t e r e s t -  

i ng  hypothe t ica l  propagation condi t ions.  

Applicat ion of t h i s  theory i s  made t o  t h e  ionosphere, i n  which 

atomic oxygen is  t h e  major paramagnetic cons t i t uen t .  

f o r  c o l l i s i o n a l  l o s s e s  it is shown t h a t  t h e  upper l i m i t  of t h e  absorpt ion 

a t  t h e  peak of t h e  atomic oxygen e l ec t ron  sp in  resonance l i n e  i n  t h e  

ionosphere i s  only 5 x 1 0  

free e l ec t rons ;  t h e  effect  of Doppler broadening would be t o  decrease 

t h i s  number. The minute na tu re  o f  t h i s  absorpt ion l i n e  is supported 

by the  apparent ly  complete l a c k  of experimental  evidence of e l ec t ron  

sp in  resonance effects on r a d i o  wave propagation. 

t h a t  t he  i n t e r n a l  r a d i a t i o n  (no i se )  i n  t h e  ionosphere must exh ib i t  a 

s i m i l a r l y  weak absorpt ion l i n e  a t  t h e  e l e c t r o n  sp in  resonance, due t o  

t h e  nonequilibrium na tu re  of t h e  energy d i s t r i b u t i o n  of  t h e  free e lec t rons .  

Accounting 

-4 times t h e  background absorpt ion due t o  t h e  

I t  is a l s o  shown 
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INTRODUCTION 

The theory of d i spers ion  of e lectromagnet ic  waves i n  a p a r t i a l l y  

ionized gas i n  a s ta t ic  magnetic f i e l d ,  based on the  Appelton - Hartree 

approximation, appears t o  g ive  an adequate explanat ion of experimental  

observat ions of r a d i o  wave propagation i n  t h e  ionosphere. However the  

presence of paramagnetic cons t i t uen t s  i n  t h e  ionosphere, such as atomic 

oxygen i n  t h e  3P ground state, must produce a macroscopic e f f e c t  on t h e  

dispers ion.  

experiments suggests  t h a t  it i s  of minor importance. 

t h i s  paper i s  t o  explore  the  d i spe r s ive  p rope r t i e s  of a p a r t i a l l y  ionized 

2 

That such an e f f e c t  has not  been detected i n  ionospheric 

The purpose of 

paramagnetic gas ,  and t o  r e l a t e  t hese  t o  t h e  ionosphere. 

The macroscopic e f f e c t  of a paramagnetic gas  i n  a s ta t ic  magnetic 

f i e l d  may be determined by cons idera t ion  o f  t he  motion of  t h e  magnetization 

of t h e  gas due t o  t i m e  varying f i e l d s .  

(1952) t o  der ive  t h e  permeabi l i ty  tensor  of a magnetized ferromagnetic 

material. Laboratory experiments on gas paramagnetism, such as e lec t ron  

sp in  resonance absorpt ion,  usua l ly  employ a quantum mechanical i n t e rp re -  

t a t i o n  of t h e  d ispers ion  for a p a r t i c u l a r  f i e l d  i n  deducing p rope r t i e s  

or concentrat ions of t h e  gas i n  quest ion.  

experiments is an eigenvector  of t h e  macroscopic permeabi l i ty  tensor  of 

Hogan appl ied  t o  a gas. 

This approach was used by Hogan 

The f i e l d  used i n  these  

Laboratory e l ec t ron  sp in  resonance experiments i n  atomic oxygen 

by Rawson and Beringer (1952) and t h e  t h e o r e t i c a l  ana lys i s  of these  

r e s u l t s  by Abragam and Van Vleck (1953) ind ica t e  t h a t  t he  non l inea r i ty  

of  t h e  Zeeman s p l i t t i n g  of t h e  3P state should be t h e  order  of one 

p a r t  i n  l o 7  i n  t h e  terrestr ia l  f i e l d  (of about 5 x 

2 
-2 Weber meter 1. 
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The corresponding separa t ion  o f  Zeeman l i n e s  i s  about .1 cps,  which 

i s  n e g l i g i b l e  as compared t o  expected l i n e  widths.  Thus atomic oxygen 

i n  the  ionosphere should be an i d e a l  paramagnetic cons t i tuent  t o  consider.  

Other labora tory  experiments on atomic oxygen by Krongelb and 

Strandberg (1959) and by Marshall (1962) have employed t h e  e l ec t ron  

sp in  resonance absorpt ion technique t o  determine d i f fus ion  and recom- 

b ina t ion  rates. While emission l i n e s  have not  been observed i n  labora tory  

experiments of t h i s  type it has been suggested by Herman and Gibbons 

(1965) t h a t  a paramagnetic emission l i n e  should be de t ec t ab le  i n  t h e  

ionosphere, and t h a t  t h i s  would be a usefu l  method for  the  determination 

of t he  atomic oxygen d i s t r i b u t i o n .  

by Hodges and Colegrove (19561 t h a t  t h i s  p red ic t ion  of an emission l i n e  

w a s  the  r e s u l t  of  i nco r rec t  mathematical manipulation. 

would be unl ike ly  without a mechanism t o  continuously overpopulate the  

upper Zeeman l e v e l s ,  a more r e a l i s t i c  appra i sa l  of  t h e  problem ind ica t e s  

Subsequently it w a s  pointed out  

A s  l i n e  emission 

t h a t  a weak absorpt ion l i n e  might be expected i n  t h e  atmospheric no ise  

within t h e  ionosphere. 

I n  t h e  present  paper t he  d ispers ion  o f  plane waves i n  a p a r t i a l l y  

ionized paramagnetic gas i s  der ived.  

free e l ec t rons  and paramagnetism on the  d i spe r s ive  na tu re  of such a 

medium are e luc ida ted  through t h e  use of a three-dimensional form of  t h e  

Clemmow-Mullaly-Allis diagram. 

ionosphere, l o s s e s  are introduced and an upper l i m i t  on t h e  r a t i o  

t h e  e l ec t ron  sp in  resonance absorpt ion t o  t h a t  due t o  t h e  free e lec t rons  

Neglecting l o s s e s ,  t he  e f f e c t s  of  

In  r e l a t i n g  t h i s  theory t o  waves i n  the  

of 
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is found. 

i n t e rna l  r ad ia t ion  (or noise)  is  shown t o  r e s u l t  i n  an absorption l i n e  

a t  the  paramagnetic resonance. 

F ina l ly  t h e  inf luence  of  nonequilibrium f r e e  e l ec t rons  on 

D I S P E R S I O N  I N  A GENERAL L I N E A R  MEDIUM - 

The r e l a t i o n s h i p s  of  t h e  fundamental parameters of an electromagnetic 

f i e l d  i n  a source free region are given by Maxwell's c u r l  equations: 

V , E = - -  d B  dz 

( 2 )  
d 
d t  V,H = - D 

where E and H are r e spec t ive ly  t h e  e l e c t r i c  and magnetic f i e l d  i n t e n s i t i e s ,  

D i s  the  e l e c t r i c  displacement dens i ty ,  and B is the  magnetic induction. 

Furthermore D and B may be considered as der ived q u a n t i t i e s  due t o  the  

rela,tions 

D = c K E  
0 

B = ~ . I L H  
0 

( 3 )  

( 4 )  

where E and 1.1 are re spec t ive ly  t h e  p e r m i t t i v i t y  and permeabi l i ty  

cons tan ts  f o r  f r e e  space,  and K and L are t enso r s  o f  second order  

i n  a genera l  an i so t rop ic  medium. 

0 0 



Using these  de f in i t i ons ,  Maxwell’s c u r l  equations may be expressed: 

( 5 )  
d 
d t  

V,E = -POL - H 

d V,H = E o K  zt E 

on both s ides  of equation ( 6 )  and By performing t h e  operat ion - V,K-’ 

s u b s t i t u t i n g  t h i s  r e s u l t  i n t o  t h e  time de r iva t ive  of equation (51, t he  

r e s u l t i n g  electromagnet ic  wave equation i s  

1 
E 
0 

V , + E ~  0 0  L z i H = O  dt  ( 7 )  

Al te rna t ive ly  a wave equation €or E may be obtained;  t h i s  has t h e  form 

While expressions ( 7 )  and (8 )  appear t o  d i f f e r  notably,  each is derivable  

from t h e  o the r ,  and hence both cha rac t e r i ze  t h e  same f i e l d .  

In  the  remainder of t h i s  discussion it is use fu l  t o  consider t i m e  

harmonic f i e l d s  which propagate as plane waves, such t h a t  E and H vary as 

i ( w  t -k r 1 e 
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where w r ep resen t s  angular  frequency, k i s  t h e  vec tor  wave number and 

r is  a space p o s i t i o n  vec tor .  

o f  one frequency and wave number of t h e  Fourier  transform of a more 

genera l  f i e l d  i n  an uniform medium.) Making t h i s  i d e n t i f i c a t i o n  i n  

expression ( 7 )  r e s u l t s  i n  

(This  i s  a l s o  analogous t o  cons idera t ion  

2 2 where k, i s  t h e  free space wav? number ( i . e .  k, = w FI,E,). For t h i s  

expression t o  be equal  t o  zero  it is  necessary t h a t  

This is  t h e  d ispers ion  r e l a t i o n  for electromagnet ic  waves i n  a genera l  

l i n e a r  an i so t rop ic  medium; a similar r e l a t i o n  may be obtained from 

expression ( 8 ) ,  which i s  

Det k,L k, + kO2 K} = 0 { -l 
(11) 

However t h i s  i s  redundant, i n  t h a t  it gives  t h e  same r e s u l t  as equation 

(10). 



a 

APPLICATION TO A PARTIALLY IONIZED PARAMAGNETIC GAS 

I n  t h e  presence of  a s ta t ic  magnetic f i e l d  the  c o l l e c t i v e ,  l i nea r i zed ,  

motion of  free e l ec t rons  i n  a cold,  c o l l i s i o n l e s s ,  plasma is  governed by 

t h e  Langevin equation 

dv 
d t  

m- = - e(E + v,B,) (12 1 

where v is  t h e  mean e l ec t ron  ve loc i ty ,  Bo is t h e  s t a t i c  magnetic 

induct ion,  e i s  e l e c t r o n i c  chalpge, and m t h e  e l ec t ron  mass. From t h i s  

equation a r e l a t i o n  between free e l ec t ron  cur ren t  dens i ty  and the  e l e c t r i c  

f i e l d  may be found. Indent i fying t h i s  cur ren t  as a component of e l e c t r i c  

displacement dens i ty  leads  t o  t h e  proper form of K i n  equation (31,  which 

i n  matr ix  no ta t ion  is 

K =  

I’ 

K‘ -iK 0 

I t  
i K  K 1  0 (13) 

where t h e  s ta t ic  magnetic f i e l d  is assumed t o  be d i r ec t ed  along the  z 

ax i s .  

matrix are 

For f i e l d s  with t i m e  dependence as exp ( iw t )  t h e  e n t r i e s  o f  t h i s  

I X K ~ 1 - 7  1- Y 



Y 

K , = l - X  

where 

and 

N e  = e lec t ron  concentrat ion 

w = plasma frequency 
P 

w = f r e e  e l ec t ron  gyrofrequency b 

and t h e  use of  r a t i o n a l i z e d  MKS u n i t s  is implied. 

The motion of magnetization i n  a l o s s l e s s  paramagnetic medium with 

a degenerate ground state,  i n  which Russe l l  - Saunders coupling predominates, 

may be obtained from t h e  equation 
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L =  

where M i s  the  magnetization, g is  t h e  Land6 g f a c t o r  for t he  bound 

e l ec t ron  ground state, and %is  t h e  t o t a l  magnetic f i e l d  (both s t a t i c  

and t i m e  varying components). 

t o  give an approximate desc r ip t ion  of t h e  behavior of a ferromagnetic 

material. That r e s u l t  is  a l s o  appl icable  t o  a paramagnetic gas,  such 

as atomic oxygen i n  t h e  3P 

The r e s u l t i n g  t enso r ,  L ,  which cha rac t e r i zes  t h e  an i so t rop ic  na ture  of 

This has been appl ied  by Hogan (1952) 

ground s t a t e ,  i n  a weak magnetic f i e l d .  
2 

I 11 

L i L  0 

I ?  

- i L  L’ 0 

0 0 Lo 

t h e  permeabi l i ty ,  has the  form , 

Neglecting lo s ses  the  e n t r i e s  i n  t h i s  matr ix  may be expressed 

f SG2Y2 

2 2  L = 1 -  
1 - G Y  

(21) 

” SGY 
2 2  L =  

1 - G Y  
(22) 
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Lo = 1 (23) 

where S is t h e  s t a t i c  magnetic s u s c e p t i b i l i t y  of  t h e  medium, Y is t h e  

parameter defined i n  equation (181, and G i s  one ha l f  t h e  Land6 g f ac to r .  

From these  it is  evident  t h a t  t h e  e l ec t ron  sp in  resonance condi t ion is 

one f o r  which G Y = 1. The magnetic s u s c e p t i b i l i t y  of a gas is  

temperature dependent, and i s  given f o r  an atomic spec ies  ( i n  MKS u n i t s )  

2 2  

by 

where 

N = atomic concentrat ion 

J = e lec t ron  t o t a l  angular  momentum quantum number 

a 

w B  = Bohr magneton 

k = Boltzmann's constant  

T gas temperature 

B 

Obviously t h e  magnetic s u s c e p t i b i l i t y  of a gas is  necessar i ly  a s m a l l  

quant i ty .  

By s u b s t i t u t i n g  expressions (13) and (20) i n t o  e i t h e r  equation 

(10) or (11) and performing some a lgeb ra i c  manipulation, a dispers ion 

r e l a t i o n  i s  found which has the  form 

4 2 An + B n  + C  = 0 (25 )  



1 2  

where n is  the  r e f r a c t i v e  index of  t h e  medium defined by 

2 k2 n = -  
2 

k0 

and t h e  c o e f f i c i e n t s  are 

(26) 

A = (K 1 2  s i n  6 + K,cos 2 6)(L ? 2  s i n  6 + Locos 2 6 )  (27) 

? 
B = - (K,K L+L- + K K L,L s i n 2  e 

[ I  + -  
I (28) 

+ (K,K+L,L+ + K,K-L,L-)cos 

C = K,K+K-L,L+L- (29) 

The angle  8 i s  t h a t  between the  wave number k and t h e  s t a t i c  magnetic 

f i e l d  Bo.  Q u a n t i t i e s  denoted K and L are eigenvalues of t h e  tensors  
f t 

K and L r e spec t ive ly ,  and are given by 

1 11 

K = K  f K  
f 

? 11 

L = L  t L  
f 

(30) 

(31) 

It  may be  noted t h a t  f o r  zero  magnetic s u s c e p t i b i l i t y ,  t he  t enso r  L 

becomes uni ty ,  and t h e  so lu t ion  t o  equation (25) is t h e  Appelton-Hartree 
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r e l a t i o n .  

r e l a t i o n  is i d e n t i c a l  t o  t h a t  f o r  an i d e a l  ferromagnetic mater ia l .  

S imi la r ly  f o r  no f r e e  e l ec t rons  t h e  r e s u l t i n g  d ispers ion  

The so lu t ion  t o  t h e  d ispers ion  r e l a t i o n ,  equation (251, may be 

expressed 

where t h e  subsc r ip t  & on n denotes t h e  s ign  preceding t h e  square roo t .  

R e a l  values  of n imply wave propagation, imaginary values imply 

evanescence. Because of t h e  dependence of  n on e t hese  roo t s  form 

two sur faces  of revolu t ion  about t h e  d i r ec t ion  of Bo, each with equa to r i a l  

symmetry; ;.e. n ( 9 )  = n (TT - e > .  Among the  i n t e r e s t i n g  c h a r a c t e r i s t i c s  + f 

of  the  r e f r a c t i v e  index a r e  the  resonances, (n l  = a , and cu to f f s ,  n = 0 ,  

which depend on t h e  parameters S, X ,  Y and 8 .  

for one root  o f  equation ( 3 2 )  t o  become i n f i n i t e  is  

f 

- 

The condi t ion necessary 

A O =  
-B t Y B 5  

(33) 

which r equ i r e s  e i t h e r  A = 0 o r  C a. 

inasmuch as the  i n f i n i t i e s  of B are exac t ly  those of C . )  

su r face  w i l l  have a resonance when 

(The condi t ion B = is  redundant 

Thus one index 

A - =  0 
C 

(34)  
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By means of a similar argument it can be shown t h a t  one index surface 

becomes zero,  or cu to f f ,  when 

C - = o  A (35) 

C The r a t i o  - is t h e  product of two terms: A 

- C = (  ' 2  + -  
A 2 ) ( , L+;-Lo 2 ' ( 3 6 )  

K K KO 

L s i n  8 + Locos e /  K s i n  e +  cos 0 

The first term i s  independent of; magnetic s u s c e p t i b i l i t y ,  t h e  second i s  

independent of t he  f r e e  e l ec t ron  concentrat ion,  but  both involve t h e  

magnetic parameter Y. 

zeros of  t he  first t e r m  a r e  the  resonances and c u t o f f s  of  a cold 

magnetoplasma; these  a r e  p lo t t ed ,  as i n  t h e  Clemmow-Mullaly-Allis diagram, 

i n  the  X - Y 

and c u t o f f s  are due t o  t h e  second t e r m ,  and are p l o t t e d  i n  t h e  S - Y 

plane.  

magnetoplasma resonances and cu to f f s  a r e  c y l i n d r i c a l  sur faces  defined 

by t h e  curves i n  the  X - Y 

while t h e  paramagnetic resonances and cu to f f s  are c y l i n d r i c a l  sur faces  

generated p a r a l l e l  t o  t h e  X a x i s .  A s  a r e s u l t  of  the  in t e r sec t ions  of  

2 
t hese  sur faces  t h e r e  are crea ted  volumes, i n  S, X ,  Y space,  i n  which the  

r e f r a c t i v e  index may be real  even though it would be imaginary f o r  e i t h e r  

I t  may also be noted t h a t  t he  i n f i n i t i e s  and 

2 plane o f  Figure 1. Simi la r ly ,  t h e  paramagnetic resonances 

2 

C 
A The ramif ica t ion  of t h e  m u l t i p l i c a t i v e  na ture  of  - is t h a t  t h e  

2 plane and generated p a r a l l e l  t o  t h e  S a x i s ,  
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S = 0 or  X = 0.  

here  t h e  p r a c t i c a l  l i m i t a t i o n s  on magnetic s u s c e p t i b i l i t y  of  a gas l i m i t  

u se fu l  discussion t o  cases  f o r  S << 1. 

While t h e r e  a r e  a number of i n t e r e s t i n g  p o s s i b i l i t i e s  

To e luc ida te  t h e  various free e l ec t ron  and paramagnetic gas e f f e c t s  

on the  d i spe r s ive  p rope r t i e s  of t h e  medium it i s  convenient t o  use 

meridional plane graphs of  t h e  r e f r a c t i v e  index surfaces. 

var ious p a i r s  o f  index sur faces  f o r  S = 0, i .e.  f o r  an ordinary magneto- 

plasma, are p l o t t e d  with t h e  o r i g i n  of  each p a i r  loca ted  a t  t h e  

appropr ia te  X - Y2 coordinate  of t h e  c h a r t  corresponding t o  the  parameters 

which def ine  the  su r faces .  Real values of  r e f r a c t i v e  index are shown 

as s o l i d  l i n e s  and imaginary values as dashed l i n e s .  The z d i rec t ion  

f o r  t h e  index su r faces  is p a r a l l e l  t o  t h e  Y This cha r t  i s  of t he  

type which has been used by Deschamps (19631, and with index sur faces  

replaced by those f o r  phase ve loc i ty  ( t h e s e  a r e  e s s e n t i a l l y  inverses  of 

each o the r )  it i s  similar t o  c h a r t s  used by A l l i s  e t  a l .  (1963). 

In  Figure 2 

2 a x i s .  

Figure 3 is  a similar cha r t ,  with index sur faces  p l o t t e d  f o r  t h e  

2 same s e t  of  X and Y parameters, bu t  with S = .l, an unreasonably l a rge  

value for a gas ,  chosen t o  exaggerate t h e  e f f e c t  of a paramagnetic 

c o n s t i t u e n t .  The value G = -, appropr ia te  f o r  atomic oxygen, is used. 

On t h i s  c h a r t  t he  magnetoplasma resonances and c u t o f f s  are indica ted  as 

i n  previous f igu res ,  and i n  add i t ion  those  f o r  t he  paramagnetism a r e  

shown. 

3 
4 

The la t te r  are s t r a i g h t  ho r r i zon ta l  l i n e s ,  corresponding t o  

cons tan t  values  o f  Y2, because t h e  plane o f  t h e  cha r t  corresponds t o  

a f ixed  value of  S. 
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The effect of t h e  paramagnetic cons t i t uen t  

of  Figure 3 bounded by t h e  paramagnetic cu to f f  ( L  

( G  Y = 1) l i n e s .  

is most apparent i n  the  region 

= 0 )  and resonance - 
2 2  Elsewhere t h e  index sur faces  a r e  d i s t o r t e d ,  but  

maintain t h e i r  e s s e n t i a l  c h a r a c t e r i s t i c s  as determined by t h e  free 

e l ec t rons  alone. Surfaces p l o t t e d  f o r  X = 0 show the  inf luence  of 

only t h e  paramagnetism. 
t 

In  t h e  region between t h e  l i n e s  L = 0 and L = 0, and f o r  X<1, 

t he  in t roduct ion  of paramagnetism causes one of  t h e  index sur faces  t o  be 

- 

imaginary, or cu to f f .  This i s  similar t o  the  effect i n  a magnetoplasma 

between the  K = 0 and K = 0 l i n e s .  The L = 0 l i n e  corresponds t o  

i 2 2  resonance condi t ions a t  8 = 90" ; G Y 1 corresponds t o  resonance a t  

I ? 

- 

8 = 0.  Between t h e s e  t h e  angle  of  t h e  resonance i s  determined by the  

i n f i n i t y  of equation ( 3 6 ) .  The index sur faces  f o r  8 = 30°, which are 

r ep resen ta t ive  of those  f o r  X < 0 ,  show t h a t  t h e  angle  o f  t h e  resonance 

i s  a boundary between evanescence and propagation f o r  t h e  same sur face  

which was completely cu tof f  with S = 0 .  

produced by t h e  magnetoplasma i n  t h e  t r i a n g u l a r  region bounded by t h e  

l i n e s  X = 1, Y = 1, and K = 0.  

This e f f e c t  is s i m i l a r  t o  t h a t  

2 t 

With X > 0 it i s  poss ib le  f o r  t h e  discr iminant  of  equation (251, 

i .e. B2 - 4AC, t o  become negat ive .  This leads  t o  two roo t s  which a r e  

complex conjugates,  suggest ing one wave which grows i n  amplitude, and 

one which decays. However it can be shown t h a t  under these  condi t ions 

t h e  po la r i za t ions  of t h e  two c h a r a c t e r i s t i c  waves a r e  not  orthogonal, 

and must t he re fo re  be coupled so as t o  y i e l d  a continuous t r a n s f e r  of 

energy between t h e  two modes. The r e s u l t  is  apparent ly  representab le  
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by a s i n g l e  real  sur face ,  which represents  t he  real p a r t  of  t h e  

index, over  t h e  d i r ec t ions  for which t h i s  condi t ion e x i s t s ,  such 

as i s  t h e  case i n  t h e  index surfaces fo r  X = 1.1 and Y 2 between 
? 

t h e  l i n e s  corresponding t o  L 

l a r g e r  values of  X t h e  discr iminant  of equation ( 2 5 )  does not  become 

= 0 and L = 0 of Figure 3 .  A t  s t i l l  - 

negat ive f o r  any 8, and t h e  effect of t h e  combination of  resonances 

due t o  t h e  free e l ec t rons  and the  paramagnetism is  t o  cause one 

su r face  t o  be imaginary both along and t ransverse  t o  t h e  magnetic 

f i e l d .  Biconical  regions of propagation e x i s t ,  bounded by the  

resonance cones for each cons t i t uen t .  

This i s  of  course an exaggerated p i c t u r e  of  t he  d ispers ive  

na ture  of a p a r t i a l l y  ion ized  paramagnetic gas .  

t h e  value of S w i l l  be considerably smaller than t h a t  chosen f o r  

t h i s  discussion.  

In  an a c t u a l  gas 

THE EFFECT OF FINITE LOSSES 

In a magnetoplasma t h e  c o l l i s i o n s  of  f r e e  e l ec t rons  with ions,  

atoms or molecules provide a mechanism f o r  t h e  removal o f  ordered 

momentum of  e l ec t rons .  

of  a loss t e r m  i n  t h e  Langevin equat ion,  i .e.  

This is  u s a l l y  accounted f o r  by the  inclusion 

dv 
d t  e m - = -e(E i v,B,) - m w  (37)  
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where I, 

t r a n s f e r .  

equat ion,  are 

is  the  e f f e c t i v e  e l ec t ron  c o l l i s i o n  frequency f o r  momentum e 

The t e r m s  of  t h e  p e r m i t t i v i t y  t e n s o r  K, obtained from t h i s  

X 
I -,i Z 

KO 1-- 

where 

1 X C 1  - i z )  

(1 - i z )  -Y 2 2  
K = 1 -  

XY 11 

2 2  
K =  

(1 -. i z )  -Y 

V 

w 
e z = -  

(38) 

(39)  

Losses i n  t h e  paramagnetic gas may be included by introducing a 

term which accounts for t h e  damping force  on t h e  precessing dipole  

moment i n  the  equation of motion of t h e  magnetization. 

Hogan (1952) t h e  form of equation (20) becomes 

A s  given by 

where 01 is a damping parameter. This r e s u l t s  i n  

1 2 SGY CGY(1 + 01 ) + icll 
2 2  L = 1 -  

(1-iGYa)2 - G Y 
(43)  
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SGY I 1  

2 2 2  L =  
(l-iGYci) -G Y 

Lo = 1 

(44) 

( 4 5 )  

f o r  t h e  terms of  t h e  t enso r  L. 

O f  p a r t i c u l a r  importance t 3  t h e  p re sen t  d i scuss ion  i s  t h e  effect  

of  t h e  inc lus ion  of t h e s e  loss terms on t h e  p r a c t i c a l i t y  of de t ec t ing  

t h e  effect  of a paramagnetic gas i n  a magnetoplasma. To a i d  i n  t h i s  

problem it is  h e l p f u l  t o  no te  t h a t  s o l u t i o n s  t o  t h e  d ispers ion  r e l a t i o n ,  

equation ( 3 2 1 ,  have p a r t i c u l a r l y  simple forms f o r  propagation i n  t h e  

7T p r i n c i p l e  d i r e c t i o n s  f3 = 0 and 8 - . 
2 

7 

n+(O) =\K L + +  9 

and 

These are 

K 

(46 )  

(47)  

The most s i g n i f i c a n t  effect  o f  t h e  paramagnetic resonance i s  i t s  

inf luence  on n - ( 0 ) ;  t h i s  i s  a l s o  t h e  index which governs propagation 

along t h e  magnetic f i e l d  i n  t h e  w h i s t l e r  mode, and t h e  e l e c t r o n  s p i n  

resonance absorp t ion  i n  l abora to ry  experiments as w e l l .  

A f t e r  some a l g e b r a i c  manipulation t h e  expression f o r  n - ( 0 )  may be 

w r i t t e n  
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1 

IC1 --1 IC1 - 

where 9 is  t h e  r a t i o  o f  app l i ed  frequency t o  t h a t  of t h e  e l ec t ron  sp in  

resonance, or 

1 q J = -  
GY (49 )  

and X and Z represent  t h e  parameters X and Z evaluated for 9 = 1. 

Near 9 = 1 t h e  second t e r m  of t h i s  expression e x h i b i t s  a resonance, 

t h e  imaginary p a r t  o f  which has t h e  Bloch - Lorentz l i n e  shape char- 

acterist ic of c o l l i s i o n a l  broadening. This is i n  agreement with the  

l i n e  shapes for t h e  atomic oxygen e l ec t ron  sp in  resonance measurements 

of  Marshall ( 1 9 6 2 ) .  Hence t h e  proper  value f o r  01 is roughly t h e  r a t i o  

of  t h e  atomic oxygen c o l l i s i o n  frequency, v t o  t h e  angular  e l ec t ron  

sp in  resonance frequency. 

ing t o  have n e g l i g i b l e  inf luence  on t h e  l i n e  shape is 

1 1 

a 

The condi t ion necessary for Doppler broaden- 

where m is t h e  atomic mass, and c i s  t h e  ve loc i ty  of l i g h t .  

l o s s e s  must be considered only as a lower l i m i t  when condi t ion ( 5 0 )  is 

not  s a t i s f i e d .  

Co l l i s iona l  
a 



2 1  

PARAMAGNETISM I N  THE IONOSPHERE 

The magnetic s u s c e p t i b i l i t y  f o r  atomic oxygen i n  t h e  3P ground 2 

state,  from equation (251, is 

a 
T 

N 
- s = 3.5 (51) 

-3 where t h e  concentrat ion N i s  i n  u n i t s  of meter . For t y p i c a l  

ionospheric  condi t ions,  as given by Johnson (19651, t h e  order  of 

magnitude of  S i s  less than 10 . Therefore,  for G = (appropr ia te  

a 

-15 3 

- 
f o r  atomic oxygen), $ = 1, and Z assumed small, equat ion ( 4 8 )  may 

1 

be expressed approximately by 

The e l ec t ron  sp in  resonance appears i n  t h e  imaginary p a r t  of n - (01, a 

quant i ty  sometimes r e f e r r e d  t o  as t h e  absorp t ive  index. Detection of  

t h i s  resonance r equ i r e s  t h e  a b i l i t y  t o  d iscern  the  paramagnetic absorp- 

t i o n  i n  t h e  presence of t h e  free e l ec t ron  absorpt ion.  

t h e s e  q u a n t i t i e s  is  

The r a t i o  of  

S ( 1  4- 3X,) 
I R =  9 x1 z1 a (53) 

Based on values  o f  atomic oxygen concentrat ion and temperature given 

by Johnson (1965), e l e c t r o n  concentrat ion and e l ec t ron  c o l l i s i o n  frequency 

given by Hanson (1965), atomic oxygen c o l l i s i o n  frequency (assumed t o  
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be roughly t h a t  f o r  n e u t r a l  molecules) from t h e  U.S. Standard Atmosphere, 

- 5  -2 1962, and assuming Bo = 5 x 1 0  Weber meter , t h e  maximum 

expected value o f  R i n  t h e  ionosphere occurs a t  night t ime under 

q u i e t  sun condi t ions a t  about 180 km, where inequa l i ty  (50 )  is  

-4 s a t i s f i e d .  However t h i s  upper l i m i t  f o r  R i s  only 5 x 10  ; t hus  

t h e  maximum paramagnetic absorpt ion is  much less than  t h a t  f o r  free 

e l ec t rons  i n  t h e  ionosphere. 

The de tec t ion  of a resonance which per turbs  t h e  ambient 

absorpt ion index by less than  o3e p a r t  i n  one thousand may be poss ib l e  

with a c a r e f u l l y  executed experiment. I t  is  n o t  su rp r i s ing ,  i n  view 

of t h i s  upper l i m i t  on R f o r  %he ionosphere, t h a t  t h e r e  is  a lack  of  

experimental  observat ion of propagation phenomena assoc ia ted  with t h e  

e l e c t r o n  sp in  resonance of  atomic oxygen. 

RAD I AT I ON 

In  t h i s  por t ion  of t h e  d iscuss ion  it is assumed t h a t  t h e  free 

e l ec t rons  and paramagnetic atoms e x i s t  i n  a n e u t r a l  b u f f e r  gas. 

l a t te r  acts e s s e n t i a l l y  as an i n f i n i t e  h e a t  s ink  t o  which i s  eventual ly  

t r a n s f e r r e d  any excess energy absorbed from electromagnetic waves by 

the  f ree  e l ec t rons  o r  paramagnetic atoms. Thus t h e  energy t r a n s f e r r e d  

between t h e  absorbing spec ies  i s  negl igable .  It  i s  reasonable t h a t  

t h e  n e u t r a l  and t h e  paramagnetic c o n s t i t u e n t s  should be near ly  i n  

thermal equi l ibr ium, bu t  i n  the  presence of e x t e r n a l  r a d i a t i o n  t h e  

e l e c t r o n  energy d i s t r i b u t i o n  would be non-Maxwellian. 

t h e  ionosphere are similar t o  t h e s e .  

The 

Conditions i n  
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The Poynting vec to r  f o r  r a d i a t i o n  with wave number between k and 

k + dk t r a v e l i n g  i n  t h e  range of  d i r e c t i o n s  Q t o  Q + dQ w i l l  be denoted 

I (k ,Q)  dkdQ where t h e  d i r e c t i o n  of  energy flow, Q ,  is t h e  normal t o  

t h e  r e f r a c t i v e  index su r face  a t  n = k . 
Poynting vec tor  i n  t h e  k d i r e c t i o n  may be expressed 

The rate of  change of t h e  
ko 

X(k) I (k,Q) dkdSl 2 w  I (k,Q) dkdQ = - - a - 
ark C 

+ Q(k,Q) dkdQ 

(54) 

where X(k) is  t h e  absorp t ive  k d e x  a s soc ia t ed  with k and Q(k,Q) dkdQ 

i s  t h e  n e t  volume emission rate of  t h e  medium for t h i s  mode of propagation. 

If t h e  abscrp t ion  is  s u f f i c i e n t l y  small it i s  poss ib l e  t o  approximate 

x(k)  as t h e  sum 

where xe(k) i s  propor t iona l  t o  Z and x (k )  i s  propor t iona l  t o  a, as 

was done i n  t h e  de r iva t ion  o f  expression (52) .  

of  each cons t i t uen t  

t h i s  approximation, as given by Kirchoff ' s  l a w ,  i s  

m 

A s  t he  rate of emission 

i s  independent of t h e  o the r ,  t he  n e t  emission i n  
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where I'k,Q) and I (k ,Q)  are r e spec t ive ly  t h e  r ad ia t ion  energy d e n s i t i e s  

which would be present  i n  a medium of similar d ispers ion  i f  only the  

free e l ec t rons ,  or t h e  paramagnetic atoms, r e spec t ive ly ,  cont r ibu ted  

t o  absorpt ion.  

m 

Neglecting s p a t i a l  g rad ien ts  of  t he  d i s t r i b u t i o n  of e l ec t ron  

energy, only t h e  e x t e r n a l  r a d i a t i o n  has a de r iva t ive  i n  the  k d i r ec t ion ,  

This may be i d e n t i f i e d  as - - X(k) t i m e s  t h e  Poynting vector  for 

t h e  ex te rna l  r ad ia t ion .  

may be i d e n t i f i e d  approximately as 

2w 
C 

Thus t h e  i n t e r n a l  r ad ia t ion  energy dens i ty  

A s  it is  phys ica l ly  necessary t h a t  x 
t h e  i n t e r n a l  r a d i a t i o n  i n t e n s i t y  is bounded by I 

and x e m be real p o s i t i v e  q u a n t i t i e s  

and Im. e 

In  the  ionosphere the  major paramagnetic cons t i t uen t ,  atomic 

oxygen, is i n  approximate thermal equi l ibr ium with t h e  remainder of  t h e  

n e u t r a l  gas. Thus I may be considered t o  be ther-mal r ad ia t ion .  However 

t h e  Ifiean e l ec t ron  energy may g r e a t l y  exceed t h a t  o f  t h e  n e u t r a l  gas. 

m 
Thus 

I > I i n t  > I  m 
e 

is a necessary condi t ion i n  t h e  ionosphere. 

a maximum of  x 
Furthermore t h e  effect of 

such as occurs a t  the  paramagnetic resonance frequency, m y  
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is t o  cause I 

of such a resonance i n  the  ionosphere would requi re  t h e  a b i l i t y  t o  

d iscern  a devia t ion  i n  the  s p e c t r a l  i n t e n s i t y  of  r ad ia t ion  of considerably 

t o  decrease,  as an absorpt ion l i n e .  Again t h e  de tec t ion  i n t  

less than one p a r t  i n  one thousand. 

CONCLUSIONS 

Addition of a n e u t r a l  paramagnetic cons t i t uen t  t o  a magnetosplasma 

r e s u l t s  i n  a medium f o r  which bcth t k e  permeabi l i ty  and p e r m i t t i v i t y  

a r e  second cpder tensors. In  tk,e lossless case t h e  c h a r a c t e r i s t i c  

c u t o f f s  and resonances f o r  electromagnetic waves separa te  i n t o  two 

ca t egor i e s :  those determined by the  f r e e  e l ec t rons ,  as i n  an 

ordinary magnetoplasma; and tk,ose which depend on the  s t a t i c  magnetic 

s u s c e p t i b i l i t y  of t h e  paramagnetic cons t i t uen t ,  

ferromagnetic material. 

as i n  an i d e a l  

The r e s u l t s  of t h i s  s tudy may be appl ied  t o  labora tory  experiments, 

and i n  a negat ive way, t o  t h e  ionosphere, where atomic oxygen i s  the  

dominant paramagnetic cons t i t uen t .  

most op t imis t i c  circumstances t h e  resonant paramagnetic absorpt ion 

l i n e  due t o  atomic oxygen i n  t h e  ionosphere corresponds t o  less than 

I t  has been shown t h a t  under t h e  

times t h e  free e l ec t ron  absorpt ion.  This explains  t h e  lack of  

evidence of paramagnetic resonance phenomena i n  imosphe r i c  experiments, 

and as we l l  i n d i c a t e s  t he  f u t i l i t y  of attempting t o  determine t h e  

d i s t r i b u t i o n  o f  atomic oxygen by means of  paramagnetic resonance 

experiments. 
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LEGENDS 

Figure 1. In te r sec t ions  of  resonance and cu to f f  sur faces  ( s o l i d  

2 2 and S - Y and dashed l i n e s  r e spec t ive ly )  i n , t h e  X - Y 

planes.  

* 

Figure 2. Refract ive index sur faces  for various condi t ions i n  a 

magnetoplasma with no paramagnetic cons t i t uen t .  

Figure 3 .  Refract ive index s u ~ f a c e s  for various condi t ions i n  a 

p a r t i a l l y  ion ized  paramagnetic gas  with S = 0 . 1  and 

3 
4'  

G = -  
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